ABSTRACT. We consider certain extension of the Stickelberger ideal of the compositum of a bicyclic field and a quadratic imaginary field, obtained by adding new annihilators to the Stickelberger ideal. We compute the index of this extension, from which we get some divisibility properties for the relative class number of the compositum.
Introduction
The Stickelberger ideal for abelian fields (i.e. algebraic number fields having over Q a commutative Galois group G) was introduced by W. Sinnott in 1980 in the paper [4] . It is an ideal of the group ring Z[G] and has a very important property: it consists of elements which annihilate the class group of the corresponding abelian field. Usually, there exist much more such elements. However, these other annihilators we can not, in contrast to the elements of the Stickelberger ideal, define by an explicit formula.
In [1] C. Greither and R. Kučera proved the existence of certain annihilator of the class group of the compositum of an imaginary quadratic field and a cyclic field. This annihilator is not contained in the Stickelberger ideal of the compositum, but can be expressed in terms of a known Stickelberger element.
Let us consider the compositum of an imaginary quadratic field F and a bicyclic field K. We call a field bicyclic if its Galois group is a non-cyclic group of order l 2 for an odd prime l. Except for F , proper imaginary subfields of
The compositum of a bicyclic field and an imaginary quadratic field, and the Stickelberger ideal
Let us take an arbitrary bicyclic field K of degree l 2 , where l is an odd prime, i.e. K/Q is a Galois extension whose Galois group G K is isomorphic to Z/lZ × Z/lZ. Assume that l does not ramify in K. Let us denote by f the conductor and by h K the class number of K. The non-trivial subfields of K will be denoted by 
We take an imaginary quadratic field F such that p 1 , . . . , p z split completely in F and the number l does not ramify in F . This means, among others, that the number w of roots of unity in KF is not divisible by l. Let m be the conductor of F and Q ∈ {1, 2} the Hasse unit index of the compositum KF . The class number h KF of KF is the product of the relative class number h − KF and h K . For the Galois group G of KF we have G = G K ∪ {J} where J means the complex conjugation.
For each i, let δ i ∈ G be a fixed automorphism whose restriction to K i F is a generator of Gal(K i F/F ), by abuse of notation denoted by δ i as well. For each i and each j ∈ P i , let k ij be the non-negative integer satisfying k ij < l AN EXTENDED STICKELBERGER IDEAL and δ
This means that Frobenius automorphisms of all primes dividing f are determined by numbers k ij .
We will denote the group ring Z[G] by R. Let A be the set of all elements α of the group ring R such that (1 + J)α lies in ( σ∈G σ)R. The G-module A contains the Stickelberger ideal S (see [4] ). Let us recall the definition of S. For an abelian field L and its subfield M , let res
where Q n is the n-th cyclotomic field, automorphism σ n,t of Q n maps each n-th root of unity to its t-th power, and x denotes the fractional part of a real number x. We set 
We will write
The construction of an extended Stickelberger ideal
Let us denote by Z l the ring of l-adic integers. Due to [1: Theorem 6.1] there exists for each i an annihilator
Ä ÑÑ 1º For each i ∈ {0, . . . , l} we have
P r o o f. The statement follows from
We can set ϑ i for
Recall that the group ring Z[G] is denoted by R. The following lemma gives some properties of ϑ i .
Ä ÑÑ 2º For each i we have θ
P r o o f. By substituting we obtain
we can similarly as in the proof of the previous lemma show that the same holds for
We can consider the additive group Z ⊆ Q[G] generated as a G-module by S and all elements ϑ i . The submodule of Z − generated by θ 
· ϑ i can be expressed in terms of elements of M and V is generated by M .
Recall that T is the G-module generated by θ − F and by all θ
− , and Z-rank of both R − and T is equal to l 2 (see [3: Proposition 5.2]), the Z-rank of V is equal to l 2 as well. This is exactly the number of elements of M , and therefore the set M is a basis of V .
If for a certain i there exists j ∈ P i such that k ij = 0, the following equality holds:
Hence we do not have to consider all such i in the product from Proposition 5. Let q denote the number of subfields K i such that k ij is non-zero for every j ∈ P i . For the simplicity we can assume that subfields K i are numbered in such a way that this holds just for i ∈ {0, . . . , q − 1}. Further, in what follows, we will write F l for the finite field of l elements.
ÈÖÓÔÓ× Ø ÓÒ 7º Let
d = l − z and µ i (δ i ) = (−1) z i −1 j∈P i k ij −1 h=0 δ h i for each i ∈ {0, . . . , q − 1}. Then l · θ − KF = q−1 i=0 ϑ i · µ i (δ i )(1 − δ i ) l−1−d . Moreover, µ i (δ i ) is not divisible by 1 − δ i in F l [ δ i ] .
P r o o f. By rewriting the statement of Proposition 5 we obtain
The first statement follows from
Now let us prove the second statement. We have δ i ≡ 1 (mod 1 − δ i ), so
However, each k ij is non-zero, because i < q, therefore the right side of the congruence is a unit in Let σ be a fixed generator of Gal(KF/K 0 F ) and τ a fixed generator of Gal(KF/K 1 F ). Then for every i ≥ 2 there exists a generator of Gal(KF/K i F ) of the form τ σ l−n i , where n i ∈ {1, . . . , l − 1} is uniquely determined. This implies that restrictions of τ and σ n i to K i F are the same for all i ∈ {2, . . . , l}, so we can assume that δ 0 = τ and δ i = σ for i ∈ {1, . . . , l}.
Since Z − /V is a G-module generated by θ − KF and l · θ − KF ∈ V by Proposition 7, the quotient Z − /V forms a vector space over F l . For polynomials 
In order to determine generators of Z − /V we need the following two lemmas similarly as in [2] and [5] :
Using these lemmas, we can prove the statement, which reduces the set of generators of Z − /T : 
and for all i ∈ {2, . . . , q}
Similarly as the proof of [2: Proposition 4.1] using Lemmas 8 and 9. Now, we can formulate the following theorem, which states that the set of generators, obtained by applying Proposition 10 is a basis: 
Computing the index [A : Z]
In order to compute the index [A : Z], we first compute the index [V : T ].
Ä ÑÑ 12º
be the l-th primitive root of unity. Since this quotient ring is isomorphic to Z[ζ l ], Lemma 2 gives
Hence the number of elements of the quotient group is equal to l z i −1 . [3: Proposition 3.1] states that the sets P i are pairwise disjoint and
Using the fact that (R − : T ) = 
For z ≤ l − 1 we have 
